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We propose a criterion to evaluate the position of the "boundary" of a continuous medium in 

steady-state jets discharging into a vacuum. For a case of a spherical source the results 

obtained on the basis of this criterion are compared with the results obtained in a numerical 

solution of a model Boitzmann equation and through experimentation. 

In calculating a freely expanding jet based on the model of a continuous medium it is necessary to 
determine when this model ceases to be valid and when we begin dealing with the flow of a rarefied gas. 
The answer to this question cannot be obtained with the Knudsen number, since in such a jet there is no 
control body nor a characteristic macroscopic dimension. Therefore, in determining the "boundary" of 
transition from a continuous medium to one that is expanded, we must resort to a kinetic equation or to 
certain criteria containing the local characteristics of the jet. 

Until recently, the transition of a continuous medium into an expanding medium had been investigated 
only for symmetrical flows proceeding from spherical or cylindrical sonic sources of a gas. The basic 
research tool was the Bhamagar-Gross-Krook (BGK) model [1] of the kinetic Boltzmann equation, written 
in an appropriate coordinate system. Relying on the BGK method in the formulation of reference [2], the 
authors of reference [3] found a sharp transition from continuous flow to the flow with a "frozen-in" tem- 
perature T~o > 0. 

An experimental study is described in reference [4] for the process of the kinetic freezing-in of argon 
flow (% = 5/3) and the relationship between the limit Mach number and the characteristic Knudsen number, 
Kn 0 = L0/r* = 10, has been determined, the latter calculated with respect to the mean free path in the de- 
celerated gas and from the source radius r , :  

M~ : 1.37Kno ~ (1) 

The kinet ic  BGK model  was  a l so  used in [5], but with cons ide ra t i on  given to the t e r m s  omi t ted  in [3]. 
Two conc lus ions  were  drawn h e r e ,  and these  dif fer  f r o m  those d rawn  in [3]: 1) in the sphe r i ca l  ease  the 
t r ans i t i on  to the f r o z e n - i n  t e m p e r a t u r e  T ~  p r o c e e d s  r a t h e r  smooth ly  as  (T/T~o) - 1  ~ r - i ;  2) in the c y l i n -  
d r i c a l  case  the f r e e z i n g - i n  of the t e m p e r a t u r e  does not o c c u r ,  r e g a r d l e s s  of the condi t ions .  

In [6], in the ease  of s p h e r i c a l  expans ion ,  the p r o b l e m  r educes  to a re laxa t ion  p r o c e s s  with two t r a n s -  
la t ion  t e m p e r a t u r e s  along (T ][) and a c r o s s  (T• the s t r e a m l i n e s ,  c o r r e s p o n d i n g  to an e l l ipsoida l  d i s t r i -  
bution funct ion [7]. 

The p r o c e s s  is a funct ion of the Knudsen number  and of the law govern ing  the in t e rac t ion  between 
the m o l e c u l e s .  The r e s u l t s  of  the ca lcu la t ions  show that the reg ion  of t r ans i t i on  is r a t h e r  b road .  Its "mid -  
d l e "  is d e t e r m i n e d  f r o m  the condit ion TI[ - T •  = T,  which c o r r e s p o n d s  to the rad ius  

31~ I • 3 

1 (4.0395)a+4~ [___~ ( ~ t n / T (  2 ~ l ]a+4~ (2) 

F o r  a rgon  (p = 1 / 2 ,  ~4 = 5 / 3 )  the finite Mach number  is  equal to 
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F i g .  1. D i a g r a m  showing the p h e n o m e n a  in 
the c o o r d i n a t e  and v e l o c i t y  s p a c e  (above) and 
in the c a s e  of a s p h e r i c a l  s o u r c e  (below).  

M~ = 0,9Kno ~ (3) 

M o r e o v e r ,  a s  in [5], i t  d e v e l o p s  that  in the c y l i n d r i c a l  
c a s e  none of  the t e m p e r a t u r e  c o m p o n e n t s  is  f r o z e n  in.  

A m o r e  d e t a i l e d  s u m m a r y  of  the a b o v e - - e n u m e r a t e d  
p a p e r s  has  r e c e n t l y  been  u n d e r t a k e n  in [8]. 

2. Be low we d e s c r i b e  the p r o p o s e d  c r i t e r i o n  (the 
l -  c c r i t e r i o n ) .  

L e t  us  e x a m i n e  an  a r b i t r a r y  s t e a d y - s t a t e  e x p a n d -  
ing gas  f low.  L e t  the p r o b l e m  of the m o t i o n  of th is  gas  be 
s o l v e d  in t e r m s  of  a con t inuous  m e d i u m  and l e t  us a s -  
s u m e  that  we have d e t e r m i n e d  the m a c r o s c o p i c  v e l o c i t y  
V( r ) ,  the d e n s i t y  p( r ) ,  and the t e m p e r a t u r e  T( r )  a t  e a c h  
po in t  r of the s p a c e ;  c o n s e q u e n t l y ,  for  e a c h  po in t  we 
know the m e a n  f r e e  p a t h / ( r )  and the a b s o l u t e  va lue  of the 
m e a n  v e l o c i t y  of r a n d o m  m o t i o n  ( c ( r ) ) .  We have to f ind 
the " bounda ry"  F of the r e g i o n  fo r  which  the c o n t i n u o u s -  
m e d i u m  m o d e l  is  v a l i d .  

E a c h  m o l e c u l e  in the g a s  flow p a r t i c i p a t e s  in two 
m o t i o n s :  the t r a n s p o r t  m o t i o n  wi th  the m a c r o s c o p i c  
v e l o c i t y  V(r)  of the con t inuous  m e d i u m  and the r e l a t i v e  
m o t i o n  wi th  the t h e r m a l  v e l o c i t y  e ( r ) .  The  f o r m e r  v a r i e s  

c o n t i n u o u s l y  f r o m  po in t  to po in t ,  whi le  the l a t t e r  r e m a i n s  cons t an t  o v e r  the m e a n  f r ee  p a t h  l ( r ) .  L e t  u s  take  
s o m e  po in t  r in the c o o r d i n a t e  s p a c e  (F ig .  l a )  and s u r r o u n d  it by a s p h e r e  of  r a d i u s  / ( r )  (the l s p h e r e ) .  
F r o m  the c e n t e r  of th is  s p h e r e  we d r a w  the r a d i u s  v e c t o r  I ( r ,  0, ~), w h e r e  0 and r a r e  the a n g l e s  of the 
s p h e r i c a l  c o o r d i n a t e  s y s t e m  whose  c e n t e r  i s  a t  r .  The m a c r o s c o p i c  v e l o c i t y  a t  a c h o s e n  po in t  on the s u r -  
f ace  of th is  s p h e r e  wi l l  be equa l  to V[ r  + l ( r ,  0, ~)] and it wi l l  be a funct ion  of both  0 and r L e t  us  tu rn  to 
the v e l o c i t y  s p a c e  and ,  in th is  s p a c e ,  l e t  us c o n s t r u c t  a s p h e r e  wi th  the r a d i u s  ( c ( r )  > (the c s p h e r e ) .  F r o m  
i t s  c e n t e r  we d r a w  the v e c t o r  

AV(r,  0, ap)= V (r + l) - -  V (r). 

W i t h  a con t inuous  change  in d and ~ the end of th is  v e c t o r  in the v e l o c i t y  s p a c e  wi l l  d e s c r i b e  a c e r t a i n  AV 
s u r f a c e .  The p r o p o s e d  c r i t e r i o n  invo lves  the fo l lowing:  the con t inuous  m e d i u m  c e a s e s  to e x i s t  if the AV 
s u r f a c e  i s  t a n g e n t i a l  to the  c s p h e r e :  

sup] AV(rr ,  O, ~)1 = < C(rr) >' (4) 

The se t  of po in t s  r F f o r m s  the F s u r f a c e .  

If l F << r r ,  the f in i te  d i f f e r e n c e  in the l e f t - h a n d  m e m b e r  of (4) can  be e x p r e s s e d  in t e r m s  of the d e r i v -  
a t i v e  of the  v e c t o r  V wi th  r e s p e c t  to the v e c t o r  1 

max I(I, V) Yl = (C(rr) ) - 

To t e s t  how the p r o p o s e d  c r i t e r i o n  " func t ions , "  l e t  us take c o m p a r a t i v e l y  s i m p l e  s y m m e t r i c a l  gas  
f lows f r o m  a s p h e r e  and c y l i n d e r .  We wi l l  a s s u m e  the gas  to be nonv i s c ous  and n o n h e a t - c o n d u c t i n g ,  wi th  
a c o n s t a n t  h e a t - c a p a c i t y  r a t i o .  (It can  be d e m o n s t r a t e d  that  r F < r ~ w h e r e  r ~ i s  the r a d i u s  at  which  v i s -  
cous  f o r c e s  b e c o m e  ev iden t  [9].) In  th i s  c a s e  t he  f low p a r a m e t e r s  a r e  e x p r e s s e d  in  t e r m s  of t he  f a m i l i a r  
g a s d y n a m i c  func t ions  

1 

P0 ' To k P0 / 
(5) 

po ~$1 

(v = 1 for  a c y l i n d e r  and u = 2 fo r  a s p h e r e ) ,  wh i l e  e x p r e s s i o n  (4) a s s u m e s  the f o r m  (l/lo = Po/P): 
L [  , P r l ]  I (Co) /~+ l~//T(rr) max r r + 10 / ~ ~ (rr) = ] /  ---2--  

no To 
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Fig.  3 
Fig. 2. Comparison of the "frozen-in" Mach number as a function 
of the Knudsen number for a spherical source: 1) experiment [4], 
formula (i); 2) proposed criterion, formula (8'); 3) calculation with 
the model Boltzman equation [6], formula (3). 

Fig. 3. Radius of "transition" and the corresponding mean free 
path as a function of the density within the spherical source. 

To avoid  compl i ea t ing  the m a t t e r  with e x c e s s i v e  computa t ion ,  we will  adopt  the fol lowing a s -  
sumpt ions :  1) the sought  boundary  of t r a n s i t i o n  is suf f ic ient ly  r e m o v e d ,  i .e . ,  r F >> 1; 2) at  the boundary  
of t r ans i t i on  the m e a n  f ree  path l F << r F (in the following,  these condi t ions  will  be ver i f i ed) .  In this case  

1 

V z - - 1 '  (-~o = rv Q ~ ) -  ) x-t l'l (6) 

Since x m eons t ,  the m a x i m u m  value fo r  the d i f fe rence  t X (r F + / F )  - X ( r r )  l can be ach ieved  only in 
a d i r e c t i o n  a p p r o x i m a t e l y  p e r p e n d i c u l a r  to the s t r e a m l i n e  (Fig. lb) .  F r o m  the s i m i l a r i t y  of the t r i ang les  
c o n s t r u c t e d  on r and X, we have 

hk l• 

rr 

From (5) and (6) we obtain 
1 I = ao 

rr x ( Co > \ - - - ~ /  \~- i~ l  ] l~ (7) 

Le t  us c o m p a r e  this r e s u l t  with the t r ans i t i on  rad ius  of (2) fo r  m o n a t o m i c  s table  m o l e c u l e s  (~ = 5 / 3 ,  
/ 3 = 1 / 2 ) .  We have 

r, = 0,225 Kno 3/5 , (2') 

r v = 0,333lo3/5, (7 ') 

Cons ide r ing  that Kn 0 = l 0 (since all l i nea r  d imens ions  a re  r e f e r r e d  to r , ) ,  we see  that the shape  of the 
funct ion r r (Kn 0) and the o r d e r  of magni tude  a r e  p r o p e r l y  d e s c r i b e d  by the l - c  c r i t e r i o n .  

Le t  us a l so  c a r r y  out this c o m p a r i s o n  in t e r m s  of the funct ion M F (Kn0). Since for  r >> 1 we have 
the r e l a t ionsh ip  

\~-Zq/ ~ - ' "  

f r o m  (7) we find 



F o r  ~ = 5 / 3  we have  

Mr 1.2 iKn~-0.~, (8 ') 

which  is  a r e s u l t  that  is  in v e r y  good a g r e e m e n t  wi th  e x p r e s s i o n s  (1) and (3). F o r  c l a r i t y ,  e a c h  of the t h r e e  
func t ions  has  been  p lo t t ed  in F i g .  2. 

Thus c o m p a r i n g  the conc lu s ion  d r a w n  wi th  the a id  of the p r o p o s e d  c r i t e r i o n  wi th  the r e s u l t s  of  the s o -  
l u t i ons  fo r  the B o l t z m a n n  equa t ion  and the e x p e r i m e n t a l  r e s u l t s  for  s p h e r i c a l  f low d e m o n s t r a t e s  t h e i r  s a t i s -  
f a c t o r y  a g r e e m e n t ,  d e s p i t e  the i n t r i n s i c  c o n t r a d i c t i o n  of the c r i t e r i o n  (the e x i s t e n c e  of a con t inuous  m e d i u m  
a t  the po in t  r F is  i n i t i a l l y a s s u m e d ,  and  then r e j e c t e d ) .  Th i s  e n a b l e s  us  to b e l i e v e  that  the l - c  c r i t e r i o n  of 
(4) is  a p p l i c a b l e  to the g e n e r a l  c a s e ,  s i n c e  i t  i s  f r e e  of any a s s u m p t i o n s  wi th  r e g a r d  to the g e o m e t r y  of the 
f low.  

F i g u r e  3 shows  r F a n d / F / r F  a s  a funct ion  of n 0 / n  L fo r  a gas  of m o n a t o m i c  s t a b l e  m o l e c u l e s .  The 
c o n d i t i o n s  r F >> 1 and l r / rF << 1 ( a s s u m e d  only to s i m p l i f y  the c a l c u l a t i o n s  and to  have  no b e a r i n g  on the  
e s s e n t i a l  n a t u r e  of the l - e  c r i t e r i o n )  have  been  s a t i s f i e d  h e r e .  

F o r  the c a s e  of a c y l i n d r i c a l  s o u r c e ,  e x p r e s s i o n s  s i m i l a r  to (7) and (8) a r e  of the f o r m  

1 x+3 1 

. . . .  =l~-~x(•  ' M-~ 1 ~ - ~  
r r  V - 8 -  \ 2 - -  

The l - e  cr i ter ion thus indicates the existence of a transit ion "surface," which is in agreement with 
[3] and contradicts the conclusions of [5] and [6]. However, since all  of the above-cited references are 
based on the approximate BGK model of the Boltzmaan equation, the question of the existence or absence 
of such a "surface" in the cyl indr ical  ease remains open, a fact which is enhanced by the conditional nature 
of the concept i tself .  

The author expresses his gratitude to V. N. Zhigulev, F. A .  Kukanov, and E. A. Romishevski i  for  
the i r  useful discussions. 
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< c > ,  L 
p, n, T 

r 

x = v / a , ,  M = V / a  
a 

Kn 
n L = 2.69 �9 1025 m -3 

NOTATION 

a r e ,  r e s p e c t i v e l y ,  the m a c r o s c o p i c  and t h e r m a l  v e l o c i t i e s  of the gas  m o l e c u l e s ;  
a r e ,  r e s p e c t i v e l y ,  the a v e r a g e  t h e r m a l  v e l o c i t y  and m e a n  f r e e  pa th ;  
a r e ,  r e s p e c t i v e l y ,  the m a s s  and n u m e r i c a l  d e n s i t i e s  and the a b s o l u t e  t e m p e r a t u r e  of 
the g a s  ; ........ 
i s  the r a d i u s  v e c t o r ;  
a r e  the r e d u c e d  v e l o c i t y  and the Mach  n u m b e r ;  
i s  the s p e e d  of  sound;  
i s  the r a t i o  of hea t  c a p a c i t i e s ;  
is  the exponen t  in the funct ion of m o l e c u l a r  i n t e r a c t i o n  (for s t a b l e  m o l e c u l e s  fl = 1 / 2 ,  
and for  M a x w e l l i a n  m o l e c u l e s  fl = 0); 
i s  the Knudsen  n u m b e r ;  
is  the L o h s c h m i d t  n u m b e r .  

S u b s c r i p t s  

0 deno t e s  the s t a g n a t i o n  c o n d i t i o n s ;  
~" d e n o t e s  the p a r a m e t e r s  on the son ic  l ine ;  
F deno t e s  the p a r a m e t e r s  a t  the " t r a n s i t i o n  s u r f a c e . "  

A l l  l i n e a r  d i m e n s i o n s  a r e  r e f e r r e d  to the s o u r c e  r a d i u s  r , ,  l = L / r . .  

l o  
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4.  
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